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Vector Notation

a IS a scalar.

v IS vector.
vl

U= |wvp
v3

|U] is the magnitude of 4.
v IS a unit vector.



Vector Addition

c1 aq b1
co|l=lasx|+ | b
c3 as b3
c1 a1 + b1
co| = |ax+ b

c3 a3 + b3



Vector Subtraction

ai

ao

as c3 b3
ai c1 — b1
CLQ —

as c3 — b3



Product of a Scalar and a Vector

C1
ac =a | co

c3

acq

acs



Magnitude of a Vector

Look at Kinemage 2

C1

2
c3

oY
|

@ =/3+ B3+ 3



Magnitude of the Product of a Scalar and a
Vector

lac] = \/(OL61)2 + (ac2)? + (ac3)?

= \/GLQ(Cl2 + cf + )

2 2
= a\/012—|—02 + c3

= al]



Unit Vectors

1

7.
]

Assume some vector . Let v =

=

We can write this as v =

Y



Parameterized Functions

o I, (x) is a parameterized function with
parameters a and b and variable x.

e Consider Ly g(z) = Mz + B.
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Orthogonal Projection of a Vector

U| COS 0
P(%) = il 7

|z

Using a unit vector:
P;(v) = |U|cosOz
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Examples of Projections

P-(v) = |v]| cos O

= V1%

P} ’17) = ?)23

PE(’U) — ?)37%
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Magnitude of a Vector Sum

Given:

Q1
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Magnitude of a Vector Sum 1A

b c=a-+b

Ql

c=a+b

@2 =(a1 + b1)? + (an + b2)? + (a3 + b3)?
=(af + 2a1b1 + b7) + (a5 + 2aoby + b2)+
(a5 + 2a3bs + b%)

=(af +af +a3) + (b7 + b3 + b3)+
2a1b1 + 2a2bo + 2a3b3

=|a@|% + |b]% + 2(a1b1 + asby + azbz)
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Magnitude of a Vector Sum 2A

ol
|
]
+
SH

Given:

STl

+ b find |¢]

o
|
]
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Magnitude of a Vector Sum 2B

oy
|
]
+
St

P-(?)

Given: ¢=a-b find |¢]

Reposition b
Look at Pz(¢)
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Magnitude of a Vector Sum 2C

ol
|
]
+
SH

P5(2)

Given: ¢=a-4b find |
Reposition b
Look at Pz(¢)

—

Let & be the angle between a and b.
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Magnitude of a Vector Sum 2D

Sl

c=a-+b

b|sin @

0
[ b| cos 6

Given: ¢=a-4b find |

Reposition b

Look at Pz(¢)

Let O be the angle between @ and b.

Use 6 to get lengths for some line segments.
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Magnitude of a Vector Sum 2D

c=a-+b
b| sin 6
b| cos 6

Given: ¢=a-4b find |

e1? =(|a@] + |b] cos 6)% + (|b] sin 6)°

2 + 2|d||b| cos 8 + |b]? cos? 6 + |b]° sin? 6
2 + 2|d||b| cos 8 + |b]?(cos? 6 + sin? 0)
2+ |b]? + 2|@||b| cos 6

|
Sl S o
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Magnitude of a Vector Sum Summary

o}
|
Qy
+
Sl

STl

g=a—+b
@2 =|a@|? + |b]* + 2(a1b1 + anbs + azb3)

@2 =|al® + |b* + 2|a||b| cos 6
. (a1b1 + a>bo + a3b3) = |ﬁ||b| cos 6
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Dot Product

S

Ql

We can define the dot product as either:

with the alternate as a theorem.

It is left as an exercise to show: @-b

b -

a.
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Magnitude of a Vector Revised

C1
c=|co
c3
2
& = \/ef + 5+ 3
E’-E'zc%—l—c%—l—cg
Z-é=|a?
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Projection of a Vector using a Dot Product

0

P:(0) &

U| Cos 6
Recall: Pz(v) = il —T
|z
H — — —| | = f',l_;
Since ¥ - ¥ = |Z||v]| cosf, we have cosf = eIk
||V

1

4]

So: Pf(’U) = = T

8
8|

For projecting on to a unit vector u,
P;(V) =(u-v)u
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What about |Z||v]|sin87?

%21'
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What about |Z||v]|sin87?

%21'
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What about |Z||v|sin0 (Area)?

v

sin2 6

2

b}
IS

Area2
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Area

What about |Z||J|sin 67
Connect the Dot (Products)

ZT-0— (- 0)°
=(:U12 + :U22 + :cg?)(vlz + v22 + v32)—
(z1v1 + 220n + 23v3)°

=efvf +2fv3 +efvs+

z3vf + w303 + xFvi+

z3vf + 2503 + a5vF
— (21v1) % — 21V12200 — T1V1T3V3
— (22v2) % — 2ov21v] — TRVRT3V3
— (23v3) % — 23V3T1V] — T3V3TVD
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What about |Z||J|sin 67
More Connect the Dot (Products)

Area? =% - 27 -7 sin? o

— — ToUT{V] — TPVRIL3V3
>
— (x3v3) © — X3V3T1V] — TIVIT2VD

Area? =a:12v22 —+ a:121132 — X1V1ToV2 — T1V1X3V3+

2 2,2
:U22f01 + x5V3 — ToV2T1V] — TRVRX3IV3I+
2.2 2,2
r3v{ + T3V5 — TIV3T1V] — TIVITRUD
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What about |Z||J|sin 67
Even More Connect the Dot (Products)

2.2 2,2
r5v{ + T5V3 — Tx2VT1V] — ToV2TIVI T
2 2,2
xg?vl + x3V5 — TIV3T1V] — TIVITRUD

2,2 2,2
=x{vs — 21027201 + T5V{ +
$12’U?? — 2x1v373V1 + mg?vlz—l—

:1:221)3? — 2x0v37T3V2 + :1:3?1)22

=(z1v0 — xov1 )%+
(x1v3 — x3v1) %+
2
(zov3 — x3V2)
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Vectors with a Magnitude of |Z||v|sin @

Area? =z - 27 -7 sin?6
2
=(x1vp — zv1)“+
2
(z1v3 — z3v1)"+
2
(zov3 — 23V2)
T1Vp — TPV T1Vp — TPV
xq1v3 —x3v1 | - |x1v3 — 23V | =X - XU U Siﬂ29
Lo2V3 — I3V o2V3 — I3V

T1v2 — X2V
Let W = | xqv3 — x3v1 | then |W| = |Z||v]sin6
T2VU3 — T3V2
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Vectors with a Magnitude of |Z||v|sin @

L1V2 — X201
Let W = | xzqv3 —x3v1 | then |’LU| = |f||?7| sin 6
L2V3 — T3V2

How many “equivalent” vectors are possible?
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Vectors with a Magnitude of |Z||v|sin @

L2V3 — T3V2
Let W = | x3v] — xqv3 | then |’LU| = |f||?7| sin @

L1V2 — X2V1

e How many vectors ‘“equivalent’” vectors
are possible?

o Wewant w-£=0 and w-v = 0.

e Right hand rule.
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Cross Product:

L2V3 — X302
TXU= r3vV1 — T1U3
L1V2 — X201

e Vector with a Magnitude of |Z||J|sin 6.

e Direction orthogonal to both ¥ and v
obeying right hand rule.

Look at Java crossproduct applet.
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Cross Product Properties

L2V3 — T3V2
T X U= r1v3 — T3V1
L1V2 — X201

oy

iXxj=k JIxk=1 kxi=j)

Cross product is not commutative:
TXUTFUXZ (Infact T x = -0 X T)

Cross product is (generally) not
associative: Tx (T x2) Z (X x 7)) x 2

Cross product distributes over vector
addition: Zx (1+ W) = x T+ T xw
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Take a Look at a Parallelepiped

Two vectors define a parallelogram. Three
vectors define a parallelepiped.

Look at kinemage 3.
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Volume of a Parallelepiped

Ql .'....::..

b % c| is the area of the base parallelogram.
a| cos@ is the height of the parallelepiped.

b X c||a@| cos @ is the volume the parallelepiped.
b x &||@| cos@ = |@||b x ¢|cosf =a- (b x C)
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Parameterized Functions

o I, (x) is a parameterized function with
parameters a and b and variable x.

e Consider Ly g(z) = Mz + B.
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Rotating a VVector Around an Arbitrary AXis

a
y

Given a unit vector, a, and an angle, 6,
develop a function, Rz ¢(f) that will produce
y, the rotation of faround a by 6.
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y| and y1

y=y|+yl
g ==
i = (¥-a)a

We need y in terms of a,x and 6.
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—

L]

Look at a x ¥

=&><(‘|"—|—x1)
= a X *||+a,><a,l
:6—|—EL><:13_’
— a X I |
= |la X x|
a) |47 | sin =
— |al||x —
L5
= |27 |
= |y1|
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a X T
................ Yyl
0
T
a X T =aXxT,|
@ x & =|o7] | = |y]|

y| =cosbxr] +sinfaxx
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<y

R5 (%) at last

=cosbfxr| +sinfaxzx

—7 — (Z-a)a

=(Z-a)a+cosf (X — (- -a)a)+sinfax
=(1 —cosf)(x¥-a)a+ cosfX+sinfa x &

43



How about Mff(f)?

. fxt

A ——= =
7 1]

cosf =f -t
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