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Some Goals

To present a aoncrete introductionto awidely used class of
methods for creating continuous functions that interpolate
discrete data

To apply straightforward geometric and algebraic operations with
functions and their graphsthat may revolutionize your views of
interpolation and approximation

To present a aoncrete example of a general method for extending
a l-dimensiona schemeinto higher dimensions

To stimulate some curricular or student project ideas

To see how elementary themes can lead to some beautiful
pictures and alingering vision

Game Plan
Conrecting the dots — continuous piecavise linea interpalation
using the data to compute alinear equation for each subinterval
using alinear combination of “Spline basis functions”
Conrecting the dashes — smoath, piecewise aibic, interpalation

using ope and function datato compute
a abic equation for each subinterval

using alinear combination of “ Cubic spline basis functions”
Astime dlows:
Interpolation wsing 2D splines
Bilinear spline basisfunctions
Bicubic spline basis functions

Overview —“elementary mathematics from an advanced standpant”

linear algebra, finite dimensional function spaces, inner products,
small suppat, aimost orthogoral bases, tensor products, finite
element methods, wavelets, ...




Connecting the Dots

Write aformulafor a piecewise linear function
that interpolates five given data points
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O X iflsx<2Q
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mx+4 if 3sx<4p
Bx-1 if 4<x<5H

Write aformulafor a piecewise linear function
that interpolates n given data points
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Interpolation ising a Linear Spline Basis
The “linear spline function” approach involves carefully choosing a set of “basis

functions” W,,W,,..., ¥, suchthattheinterpolatingfunction f can be
written asa simple linear combination:

f(X) = W (x)+y,W,(x)+ - +y W (x) = iyiwi(x) foral x, <x<x

(% %)

A closer look at alinear combination of basis functions

n

f (X) = quJl(X) + yquz(X) ot yann(X) = z yi¥ (X)

=1

VWi ¥ yqui_




The linea spline basis functions can be mnstructed as ims of
trandations and haizontal scdings of two “elementary basis functions’
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W, (x)= 0,8 +g, X
0~ XL DXH XC

A summary description d the linea spline basis
1. Elementary basis functions— basicdly constructed onthe unit interval

_B-xdf xD[Ol)@ i = xD[Ol)@ i
el(x)_é 0 if xD[Ol)g QZ(X)_EJ if xD[Ol)g

2. A setof nodes-- x, <x,<:-<X

n

3. Spline basis functions — sums of (usually) two trandated and scaed
elementary basis functions

interior: i=2,...,n-1 W (x)=6, 3 )gl[ﬂ'e XX E

endpoints: i =1and n
wipg=e s . 5 =6 L 4




Points from sin(x)
Points

Points from sin(x)
Linear Interpolation
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Points from sin(x)
Linea Interpoation & “retail”

N‘x,\,

Pointsfrom g(x) =
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Points from g(x)
Linea Interpolation

Points from g(x)
Linea Interpoation & “retail”




Find a smooth piecewise cubic function that has specified
function values and dopes at n given data points

(%1 ¥s)
Y
(% Y2) - (% ¥n)
Y, o
(anl’ ynfl) /
Yoa
(%.¥:)
Vi
X % X3 X1 X

where ! denotes the slope or first derivative a the data point (x;, ;)

Why cubic ?

Find a cubic function that has specified function values and
slopes at 2 given data points

(%)
Y,
(% %) /
*3"1
X X,

Let p(x)=ax’+bx’+cx+d s p'(x) =3ax* +2bx +¢

Using the data p(xl) =ax’+bx’+ox, +d =y,
we have p(x,)=ax’+bx,? +cx, +d =y, We have 4 equationsin the four
unknown coefficients. So we

(
y _ 2 =V
P(x)=3ax’+2bx +c =y can solvefor a, b, ¢, and d.
p'(x,) = 3ax,? +2bx, +¢ =Y,




Geometer’s Kketch pad demonstration

The cubic spline basis functions can be nstructed as aims of
trandations and scdings of four “elementary basis functions’

6,(0)=0 6,(1)=1 6,(0)=1, 6,(1)=0
6,(0)=0 6,(1)=0 6,(0)=0, 6,(1)=0
$,(0)=0, ¢,())=0 ¢,(0)=0, ¢,(1)=0
¢,(0)=0, ¢,(1)=1 $:(0)=1, ¢;(1)=0

10



Construction of the cubic elementary basis functions

A somewhat more interesting way isto
note that the most general cubic with a
zero value and a zero derivative at O is

6,(x)=x*(ax+b) so 6;(x)=3ax>+2bx

s 1 Now 6,(1)=1 O a+b=1

6,(0)=0, 6,(1)=1 and  6,(1)=0 O 3a+2b=0

6,(0)=0, 6;(1)=0 Hence a=-2, b=3
and | 6,(x)=x(3-2x) |

There are several reasonable ways to find the
cubic function with the desired properties. A
straightforward way is to write ageneral cubic,
compute its derivative, substitute the desired
conditions and sol ve the resulting system of 6,(x)=6,(1-x)

four linear equations for the coefficients. (- X)z B-2(1-x)E

=(1- x)2(2x +1)
=(x—1)2(2x+1)

We can see by symmetry that

Construction of the cubic elementary basis functions

0 1

$,(0)=0, ¢,(1)=0 0 1
1(0)=0, ¢,(1)=1
9:(0)=0. ¢;(1) 9.(0)=0, ¢,(1)=0
$:(0)=1 ¢;(1)=0
In this case we note that the most general

cubic with a zero value and a zero

derivativeat 0 and a zero value at 1 is Again using symmetry we see that

¢1(X) =-¢, (1_ X)
=-(1-x)"H1-x)-1F
=(1- x)2 X

¢,(x)=ax’ (x-1) s0 ¢;(x)=a(3x* -2x)

Now ¢;(1)=1 O a=1

hence | ¢, (x)=x2(x-1) |

=x(x—1)2
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The Cubic Spline Elementary Basis Functions

1

- B¢E-2) it xofo1)g (1) 2x+1)(x-1)° if xO[0.1)E
%020 txopyg A7) g 0 if x0[04) £

_B¢(x-1) if xO[0,1)8 _ _Bx(x-1° it xO[0,1)H
¢2(X)_5 0 if x0[0.1)g 9.09=0. (- X)_E 0 it x0[0,1)5

Construction d the aubic spline basis functions as translations and
scdings of four “elementary basis functions’

8, (x) 6(x)

Ox—-x_, C Ox-x C
Cteo—-C
X ~Xal X=X
used to match function values X, Xt

W, (x) =6,
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Scaling the derivative basis functions

0 1
Ox C
$.(2x) o ¢, Oy L
2 A horizontal scding by afactor of Y2
) changes the slopes by afactor of 2.
' 1
0 2
1, OxC
_¢1 DT C
2 "mC A verticd scaing by afador of Y2returns
/_\ : the slopesto their correspondng values.
O 1
2

In general the function hg%% has the same slope at :_1( as g(x) hasat x

Construction d the aubic spline“ derivative” basis functions from the
“derivative” elementary basis functions

0 1 0 1
$,(x) 9,(x)
X % X
Ox—-x_, O Ox-x C
@ ()= (% =%1)0. — 0 (%= %)@
(%)= (% = %) 25— . H (%a—%) 1%%
used to match dope values
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A summary description d the Cubic Spline Basis

» Elementary basis functions — basically constructed onthe unit
interval four for the cubics

S\

3-2x) if xO[0,2) 2x+1)(x-1)° if x0[01
o OO a(g=a -y =Rt mxclods
g o if x0[01)g g 0 if x0[0,1) g

0 1 0 1

O

_Be(x-1) it xO[o1)g ~ _Bx(x-1° if xO[0,1)H
m(x)—g o it [0 ¢1(x)——¢2(1—x)—5

2. Asetof nodes-- x <x,<--<X,

3. Spline basisfunctions—sums of (usually) two translated and scaled
elementary basis functions

interior: i=2,...,n-1 W (x) =0, X Xa Hrg 5 XX £
(%) "D B E’xim
_ Ox-x,0 Ox-x C
(Dw(x)_(x_X—1)¢2D_7D+(X+1_x)¢1 —C
X ~=Xa0O a~XC
endpdnts i =1and n wl(x):elmgrx‘% w"(x):ejmgﬁx_xﬂ%
X C W "X O
Ox=xLC Ox=x+1 [
PUXY=(R=XAV$O, [ - Orxy=(xe-xeng2n [
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A closer look at alinear combination of cubic basis functions

F(X) = YW, 00+ %P, (X) + YW, (X) +Y,0,(X) + - + YW, (X)+Y,®, (X)

= Z yqui(X)"'yi‘cDi(X)

Points from sin(x)
Linear Interpolation & slopes
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Points from sin(x)
Cubic Interpolation

3
N/\/
1
-2 - Ed Zam

Points from sin(x)
Interpolations and “ Retail”

3
%
1
-2 - m Zm
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N‘x,\,

Pointsfrom g(x)=

3]
~

Points from g(x)
Linear Interpolation
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Points from g(x)
Linear Interpolation & slopes

Points from g(x)
Cubic Interpolation
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Points from g(x)
Interpolations and “ Retail”

Geometer’s Ketch pad demonstration
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Some nice properties of cubic splines

Locdization —changing the data & a point only changes the interpolant on
the two adjacent subintervas

Simple construction- starts with really only two elementary basis

Easy “synthesis’ - since the interpolating functionis afinite linear

functions; the rest follows from symmetry, scaing,
trandation and linear combinations

combinationwith the data asthe mefficientsit iseasy
to construct

Easy “analysis’ - if we ae given acubic splinesfunctionwe cn findthe

coefficients by evaluating function and its derivative at
the nodes

Smoothness— good bu nat great. We have @ntinuousfirst derivatives, but

generaly discontinuous second derivatives.

Easy implementation - it isstraight forward to program acomputer to set

up and evaluate aubic splines efficiently.

Find atwo-dimensional analog d linear interpolation for
specified function values at mn given data points

(% Ym)

(%o )

(%.v,.2,)

(% Y Zum)

(% ¥)

x5 (Xpym,zlm)\/

SETS

(><1,y1,zu)\

(%o Y1 21)
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A closer view of four data points

Thereaare four “bilinea” 2-D elementary basis functions.
They are constructed from the 1-D elementary basis functions

12)
P
hn
I
U
I

P e e

We define the bilinear 2-D elementary
basis functions as follows:




The two 1-D elementary basis functions

\ / The four bilinear 2-D elementary
Y : basis functions

6,(1) 6,(t)

y y

We can construct the 2-D bilinear spline basis functions
directly from the 1-D linear spline basis functions

We define theijth 2-D bilinear spline

W (x) basis function as follows:

X % K Wi (xy) =W (X)W (y)
wi(y)
Vs Y, Yin

Asin the 1-D case we want our
basis functions to be zero at all
but one of the data points.
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We can construct the 2-D bicubic spline basis functions
directly from the 1-D bicubic spline basis functions

At each data point we define four 2-D

LP\ X - B - - .
) bicubic spline basis functions as follows:
% X 0" () =W, (x)w;(¥)
® (9 0" (xy)=w,(x)®,(y)
XM i+1 emwll (X’ y) = q)l (X)LPJ (y)
% (X Yy)=o, (X))o (Y
e e
LPJ (y) /
V. V., V.
®,()
YJMJ y]ﬂ . \(X‘ y 0)
i+10 S j-10
The 2-D bicubic spline basis functions
)
W
]
L
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What have we done?
Conrecting the dots — continuous piecavise linea interpalation
using the data to compute alinear equation for each subinterval
using alinear combination of “Spline basis functions”

Conrecting the dashes — smoath, piecewise aibic, interpalation

using ope and function datato compute
a abic equation for each subinterval

using alinear combination of “Cubic spline basis functions”
Interpolation wsing 2D splines

Bilinear spline basisfunctions

Bicubic spline basis functions

Overview —“elementary mathematics from an advanced standpant”

linear agebra, finite dimensional function spaces, inner products,

small suppat, aimost orthogoral bases, tensor products, finite
dement methods, wavelets, ...
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The end
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