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Our gaoal isto demonstrate to the students that the
mathematics they leaned this yea has provided them
with avery powerful problem solvingtod.

We usethe tods of first yea cdculus and some
geometric intuitionto derive asurprisingly smple
formulafor the volume of an n-dimensional ball.

Alongthe way we learn about the gamma function,
thefadorial functionfor norrinteger values and some
interesting trigonametric integrals.

What is Calculus?

| begin eat schod year with the ideathat Calculus can be
viewed from the perspedive of three problems.

1. We know the dope of aline.
What isthe “dope’ of a aurve & apaoint?

2. We know the “areaunder” aline segment.
What isthe aeaunder a aurve?

3. We can compute values for functions that contain orly
addition, subtradion, multiplicaion, and dvision. How can
we ompute values for functions that use other operations?




Side Issuesin Calculus

* Interpaating functions to increase the domain.
e.g. f(X) = 2%
integers  rationals  reds

* New operations for function madines
Arithmetic: +,—,., + Using Integrals:

Powers and roots Accumulation Functions
Exporential andlog

Trig AX) = [ f (Dt
Other parameters
P(x) = I: f(x,t)dt

Interpolating functions to increase the domain

Consider n!=n({n-1)0..20
Since (n-1)!=(n-1)0..20
we have n!=n[{n-1)!

Note that nothing in this reaursive definition demands
nto beaninteger. (except a starting value)

Perhaps we can extend the domain of factorials.




New operations for function machines:
The Gamma Function

We begin with a definition d the gamma function wsing
one of the powerful new methods cdculus provides for
defining functions — the improper integral .

r(x) = J’:tx‘le“dt for x>0

Then some “easy” exercisesto gain familiarity

evaluate T (1)

graph f(x,t)=t%" for x= oé,l 2,3,4,5

The Gamma Function
Evaluate T (1)

r(x) = I:tx’le"dt

r@ = [ te'd

= nIi_'mmJ-on e 'dt
= m e
= lim _—1—_—1 = lim :|.—i =1




Gamma Integrand

e x=0

f(xt)=t"e"

Gamma Integrand

e x=1/2

f(xt)=t"e"




Gamma Integrand

e x=1

f(xt)=t"e"

Gamma Integrand

e X=2

f(xt)=t"e"




Gamma Integrand

e X=3

f(xt)=t"e"

Gamma Integrand

e X=4

f(xt)=t"e"




Gamma Integrand

e x=5

f(xt)=t"e"

Gamma Integrand

» xis0,1/2,1,2,3,4,5

f(xt)=t"e"




The Gamma Function
Show T (x+1)=x"(x)

B (X + 1) = J'Oootxe_tdt Useintegration by parts.
u=t* dv =e'dt
du = xt*dt v=—¢"

M(x+1)=-t'e’[ - Iow (-e")xt
M(x+1)=0+ Io“’ xt'edt = X I:tx‘le“dt

O T (x+1)=x(x)

The Gamma Function

How about I (n) for integer values of n?

M(x+1) = xM(x) rqQ =1
r2) = ra+y=1r@=10=1
r3) = rR+1=2r)=20=2!
r(4) = r(3+1)=3r(3)=3@ =3

r(5) = [(4+1)=4r(4)=4[B =4

r(n+1) - F(n+1) =nr(n)=n{n-1)!=n!




The Factoria Function

Theresult '(n+1) =n! suggests away to extend the domain of the
factorial function beyond the non-negative integers.

We define the factorial function for real x> -1 by
x!=T(x+1)

Before finding some new values of the factorial function we
need one special value of the gammafunction. We need
to evaluate T (1/2).

Gamma Function Factoria Function

M(x)=[ t7edt x!=T (x+1)
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1

" ()
r(x)= I:tx‘le‘tdt 0

r(15)= J'Omt%_le‘tdt = [Tt et

Letting u=t? O t=u? du= (1/2)t‘%dt

adso u goesfrom O0to o as t goesfrom Oto o«

Iowt_%e“dt = Iom e 2du = 2‘[: e du= I_Z e du

0.5




Two Views

“A mathematician is oneto whom f eXdx=+r isas

obvious as that twicetwo makes four isto you”
Lord Kelvin

“Many things are nat accessible to intuition at al, the value

of I ’ e ¥dx forinstance”
- J. E. Littlewood

" (%)

r(1/2)=[_ e du=+n

We have considered two ogions for tryingto get the
students to accept this:

1. anumericd exploration

2. aprodf that follows from the properties of a
sequence of integrals that we investigate | ater.




Factorias

We now go back to the definition  x! =T (x+1)

Using therecursion I (x+1) =X (x) we can show that

x!=T (x+1) = x (x) = xT ((x=1) +1) = x(x - 1)!

nowwith x!'=x(x-1)! and T (}/2)=+/m wecanevauate
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2 1

for n even %@:%%—1%—2@]}13)(2)@)

an ordinary integer factorial

for n odd %@:%%—1%—2@]}1@2%@&

we march nicely down to 1/2 and end with a </

n-Space, n-Balls and n-Spheres

Euclidean n-dimensional space is the set of ordered Real n-tuples
together with a Euclidean distance measure.

R" ={(%, X000 %, ) 1% X100 %, ORY

with the distance from the origin to (x,,...,X,) = (X12 + x,° + (I an)%

We define the n-ball, B, (R), of radius R and its boundary, S,_, (R) by

Bn (R) :{(le)%,-..,xn)DRn I X12 +X22 +|:|:|]:|:+Xn2 < Rz}
St (R) ={(6 2, %, ) OR™ | X7 +%,7 + I3 %7 = R?}




1-ball, 2-ball, 3-ball, ...

1-ball, 2-ball, 3-ball, ...

Some notation then some examples
let: V, (R) = The"n -volume' of B, (R)
A_(R)= The"n-1- volume' of S, (R)
Examples

n=1 B(R)={xOR|¥<R*}={x0OR|-R<x<R}

: X
-R R

V(R)=2R  A(R)=?




1-ball, 2-ball, 3-ball, ...

1-ball, 2-bdl, 3-bdll, ...
Computing V, (R) using the "disk" method
fy R V,(R) :I_RRdv :I_RRZ\/RZ - x*dx

(%)

r :ZI_RR\/ R2—x2dX:4IOR\/ R? — x?dx

k.

\)/ using the trigonametric substitution
x=Rsinf, dx=Rcosfd6o

R? - x* = R?(1-sin’0) = R*cos’ 6

AV =2rAX x goesfromOtoR as 6 goesfrom0to >

r=y=+JR*-x°
dV =2JR* - x*dx

V, (R) =4[ 2 R cos’ 6d6 = 4R’ [ 2 cos’ 6d6




1-ball, 2-ball, 3-ball, ...

V4

1-ball, 2-ball, 3-bdll, ...
Computing V;,(R) using the disk method
5 y'+Z =R V,(R) :I_RRdv :I_RR”(R2 ~y*)dy

(0.y,2) R
=2n (R~ y*)dy

using the trigonametric substitution

y = Rsing, dy=Rcosfdf
R’-y*=R? (1—sin26) =R® coszen
y goesfromOtoR as 6 goesfrom0to >

V3(R) = 2nR°[ 2 cos’ 66

dv :n(RZ—yz)dy recal VZ(R):4R2-[0500526d6




1-ball, 2-ball, 3-ball, ...

n| Vi(R) A (R)

0 ? ?

1 2R

2 nR? 2nR

3 an R ATTR?
3

4 ? ?

1-ball, 2-ball, 3-ball, 4-ball,...

Examples

n=4  B,(R)={(xy,zw)OR! |’ +y*+ 2 +w? < R}

7 Vv, (R)=?R*

] A (R)=??R’®




1-ball, 2-bdll, 3-ball,4-ball, ...
Computing V, (R) using the disk method

Whenwe dicethe 4-bal a afixed valueof z
Z+w =R {(xy.zwW)OR X +y? +Z +W <R}

(0,0,z,w)
reducesto

z {(X,y,Z,W)|X2+y2+WZSR2_ZZ=r2}.

R

** AV :gm%z

r=w=vR' -7

dv = gn(\/ R*-Z7 )3 dz

1-ball, 2-bdl, 3-ball,4-ball, ...
Computing V, (R) using the disk method

Z+wW =R < R 4 .
—_ — 2 2
/ (0,0,z,w) V4(R)—I_RdV _I—REH(VR -z ) dz
_8 s A)
. —gnfo( R -z ) dz
\ using the trigonametric substitution
z=Rsinf, dz=Rcosfdo
4, R2—22:Rz(l—sinze):chosze
v —§m Az zgoesfromOtoR as 6 goesfromOtog
EWEVR -2 ; V4(R):gnR4fozcos46d6
dV:gn( Rz—zz) dz




1-ball, 2-bdll, 3-ball,4-ball, ...
Computing V, (R) using the shell method

w
Z+W =R

Vo(R)= [, 0V =[ A(r)ar

r

)
)

J z VA(R):IORAg(r)dr isin theform
F(x)= IOX f (t)dt hence by the
Fundamental Theorem of Calculus

** AV = A(r)Ar
. L W)=ViR=AR)

dv = A(r)dr

..., n-ball, ...

B, (R) ={(% X%, ) OR" | %7 + (- x, 7 +x.* < R’}

V,(R)=?R"

P, A (R)= 22R"™

||
We can be more explicit
V,(R)=c,R"

A (R)=V,(R)=nc,R™




1-ball, 2-ball, 3-ball, 4-ball, ... , n-ball, ...

n| Vu(R) A (R)

0 ? ?

1 2R 2

2 mR? 2nR

3| Mg ATTR?

3

4 c,R’ 4¢,R’

n c,R" nc,R™
..., n-bal, ...

again using the disk method

2 2 AV = Vn—l (r )Axn—l = Vn—l (Xn ) AXn—l
X +X., =R

X,
'y

/ X(O,...O, Xpo1s Xn) r=x, =R - Xn—12
r
/ X1 V=V (W) e
\/ Vo (R) =" av =[" Voo (VRE =5,
R
=2 Vi, (W ) X, s




., nebal, ...
Vo (R) =" AV =2V () =2 Voo (VRO 37,

= letting V,(r)=c,r", wehave V_,(r)=c,r"" and

n-1
V,(R)=2 IORVn-l (\/ R-X,, ) dx,, =26, J’OR (\/ R - xn_f) X,y

now using the trigonametric substitution x., = Rsin@ implies
dx,, = Rcos8d6 and R? - x,,* = R* (1-sin’8) = R?cos? 0.

Sovn(R):2cn_1R“Ifcos“9d9:2cn_1|nR”, where In:J’OEcos”QdQ

Hence V,(R)=c¢,R"=2¢,I,R", whichimplies

Cn = 2Cn—ll n

Some Interesting and useful Integrals

Let In:J’Ozcos”GdG
Show I,=—, I,=1

Show Icos” 6do = lsiné? cos" @ + n__l‘[cos”'2 6doe
n

n

Show J’fcos” 0do = n—_lj’ozcos“'ze do
n

n-1
Hence |, =——1,,
n




| . for even and odd n
=2 4,=1 and 1, =021 |
2 n
I,=2 =1
2
=11, =1t I,=21,=2
2° 22 3' 3
,=31,=33d¢ =2 =42
4% 422 5° 53
=21, =200 d" =81 =5c2
6° 64202 7°° 753
.2k 1.%-3 2k-5 Dmﬁgl_ ook 2(k-1) 2(k-2) 642
%" 2(k-1) 2(k 2) 42 217 2k+1 2k-1 2k-3 753
Back to the n-ball
Vn(R):cnR“ c.=2¢,4l, aso V,(R)=2R O ¢ =2
1
= = : =~ 7
c, =2¢l,=2(2 B_E TS
204 2°
2¢,1 —2 — = A
&= ah B_E 3 G 9D’E5EIBH
¢, =2¢,| _ A OBlmO 1. -1
=T 220 2 o 5[4[B[2
a¥20_ 8
%:2C4|5:2E#H$3H_ﬁ .
M2 ,0531mo 1 J 7 ifni .
“ T3 Heazel a2 ¢ =H) H
16420 16 O O
C7:2C6|7ZZBSHSHH;E§E_E:BHS H% if nisodd H




Back to the n-ball

c=2 n,
=£7T - if niseven
G 38 C, %! i
o What about n odd ?
24
C7:
70503
5 %
g, =—2 wn - _ me
9[T7[B[B 9 B CAT
>5555v (%
2 e
Co =7 if nisodd so| ¢, = - if niseven or odd
2) (n5)
. n| V,(R) A (R)
Finall o 1
y 1 2R 2
2 nR? 21R
% 47T
V, (R)=c,R" :_(;T/) R" 3] SR AnR’
|
2) 2
4 TR 2R’
2
% 8
1T e O/t 5 4
An_l(R):n_(V)lR 1 5 c R 8m°R
5)!
6 %RG TR
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